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Abstract

A comprehensive analysis of the stability of a cracked beam subjected to a follower compressive load is presented.

The beam is fixed at its left end and restrained by a translational spring at its right end. The vibration analysis on such

cracked beam is conducted to identify the critical compression load for flutter or buckling instability based on the

variation of the fist two resonant frequencies of the beam. Besides, the effect of the crack’s intensity and location on the

buckling or flutter compressive load is studied through comprehensive mechanics analysis. It is hoped that this research

may provide a benchmark on the stability analysis of cracked structures in engineering applications, especially for

structures subjected to follower compressive load.

� 2004 Published by Elsevier Ltd.
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1. Introduction

Analysis of flutter and buckling of beams has attracted attention in the applied mechanics community

for long. The mathematical solutions for the buckling load of beams subjected to non-follower compression

with different boundary conditions were given in the monograph by Timoshenko and Gere (1961). In

addition, flutter analysis of a cantilever beam subjected to follower compression was also briefly introduced

in the monograph. Beam buckling is an instability phenomenon where change of equilibrium state from one
configuration to another occurs at a critical compression value. On the other hand, flutter is an instability

phenomenon where the vibration amplitude due to initial disturbance grows without limit when the fol-

lower compression exceeds a critical value.

Buckling and flutter analysis of healthy or undamaged beam structures under follower force has been

improved by many research efforts. Bolotin (1963) studied a classical problem about the stability of a beam

fully fixed at one end and subjected at the other end to a tangential compressive follower force. Feodos�ev
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(1953) and Pfluger (1950) showed that there are no buckling solutions for this problem and concluded that

the beam with follower force is stable all the time. This erroneous conclusion was debated by Beck (1952)

who first solved this flutter instability problem through dynamic analysis. Since then the study of flutter

instability has attracted substantial research interest. The critical follower force for the flutter of a cantilever
beam was evaluated by Deineko and Leonov (1955). A more accurate critical load was obtained by Jan-

kovic (1993). Carr and Malhardeen (1979) and Leipholz (1983) proved that Beck’s column is stable when

the follower force is less than the critical value obtained by Beck. Dzhanelidze (1958) studied the combined

effect of non-follower and follower compressions applied to a cantilever beam. Hauger and Vetter (1976)

studied the influence of elastic foundation of Winkler type on the stability of Beck’s column. The influence

of pulsating force was investigated by Atanackvic and Cveticanin (1994). The optimal shape of Beck’s

column was given by Hanaoka and Washizu (1979). Matsuda et al. (1993) studied the effects of variable

cross-section and shear stresses on the value of the critical force. The influence of an elastic support on the
vibration and stability of a non-conservative load was studied by Sundararajan (1976). In his paper, the

transition value of the translational spring at the free end of a cantilever beam was derived, and the co-

existence of flutter and buckling in a system was first observed. Kounadis (1983) presented an analysis of

the existence of divergence instability regions for a general beam structure. Sugiyama and his group (1995)

and his group did a lot of excellent work on the flutter analysis of structures. One experimental study was

on the flutter of cantilevered columns under rocked thrust, which was one of the best lab demonstrations of

follower compression on beam structures. Wang and Quek (2002) investigated the potential of applying

piezoelectric materials in the enhancement of the flutter and buckling load of the beam structures.
More research on the buckling and/or flutter load of cracked beams subjected to follower compression is

critical for a better design and health monitoring of such beams. Cracks occurring in structural elements,

such as beams and plates, affect the dynamic characteristics of structures. The understanding of the cracks’

effect is essential in the design of structures and important in the damage detection of structures. For

example, the study of the crack effects on the reductions of frequencies has led to the identification and

detection of cracks (Cawley and Adams, 1979). In addition, the understanding of the reduction in buckling

and/or flutter load due to cracks is also of great importance in the repair design of structures in civil,

mechanical and aerospace engineering. The models for cracked beams have been proposed and applied to
various engineering problems by many researchers so far. The stability of a cracked column was studied

experimentally and analytically (Liebowitz et al., 1967; Anyfantis and Dimarogonas, 1983; Dimarogonas

and Paipetis, 1983) by considering the local flexibility by the crack as a spring. Dimarogonas and Paipetis

(1983) developed a general method to identify all the possible direct and coupling spring effects for a

prismatic beam with a surface crack. Paradopoulos and his students have investigated the coupling effect of

cracks on structures (Kikidis and Papadopoulos, 1992; Papadopoulos, 1994; Gounaris et al., 1996; Nik-

olakopoulos et al., 1967; Gounaris and Papadopoulos, 1997). They used local flexibility method to model

cracks and derived the flexibility matrix based on linear elastic fracture mechanics. However, few reports
have been found on the analyses of the buckling and/or flutter load of cracked beams subjected to follower

compression.

This paper will provide a comprehensive instability analysis of a cracked beam subjected to a follower

compressive load. This beam is fixed at the left end and restrained by a translational spring at its right end.

Preliminary research on the critical spring stiffness under which flutter may occur and above which buckling

may occur has been identified by Wang and Koh (2003). In the current research, the flutter or buckling load

of a cracked beam will be obtained through dynamic analysis of the beam. The effect of the crack’s intensity

and location on the buckling or flutter load will be provided via a detailed mechanics analysis. The research
method is strictly based on an undamped linearized approach. The co-existing instability phenomena of the

cracked beam structure is interesting in the field of structural stability and dynamics, as the understanding

of the instability nature of a cracked beam structure will be helpful for its stability design. Therefore, the

research results will be useful for the design and control of damaged structures.
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2. Mechanics model for the stability analysis

A cracked beam structure under a follower force P at its right end is shown in Fig. 1. This beam is fixed

at the left end and restrained by a translational spring with stiffness k at the right end. The beam of
thickness h and length L is isotropic with Young’s modulus E, mass density q and cross-area A. A vertical

surface crack, with depth h1, is located at a distance L1 from the left end of the beam. Let x be the coor-

dinate denoting the beam length with its origin at the left end, and u the beam deflection defined to be

positive downward. As the ratio, L=h, in buckling problems is usually large, the effects of shear deformation

and rotary inertia may be neglected.

The presence of a crack in the mechanics model can be represented by a discontinuity in the slope at the

location of the crack (Krawczuk and Ostachowicz, 1995). The total change of the slope of the beam at

x ¼ L1, the continuity of the deflection, rotation, and the shear at the crack location are modeled as
du2
dx

����
x¼L1

� du1
dx

����
x¼L1

¼ H
d2u1
dx2

����
x¼L1

ð1Þ

u1ðL1Þ ¼ u2ðL1Þ;
d2u1ðxÞ
dx2

����
x¼L1

¼ d2u2ðxÞ
dx2

����
x¼L1

;
d3u1ðxÞ
dx3

����
x¼L1

¼ d3u2ðxÞ
dx3

����
x¼L1

ð2a–cÞ
where u1ðxÞ and u2ðxÞ represent the deflection field of the beam for the domains of 0 < x < L1 and
L1 6 x < L, respectively. The parameter H represents the additional flexibility of the beam due to the crack

calculated on the basis of fracture mechanics and Castigliano theorem shown below:
H ¼ 6pH
Z �a

0

½�aF 2
15ð�aÞ�d�a ð3Þ
where �a ¼ h=H . F15ð�aÞ is a correction function for stress intensity factor corresponding to a beam structure,

given by
F 2
15ð�aÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tanðp�a=2Þ=ðp�a=2Þ

p
½0:923þ 0:199ð1� sinðp�a=2ÞÞ4�= cosðp�a=2Þ:
The above-proposed model for the discontinuity of the rotation at the crack location in Eq. (1) is only

valid for a composite beam with a transverse open crack (Krawczuk and Ostachowicz, 1995).

The stability analysis of the beam structure will be obtained from a free vibration analysis conducted
hereinafter. The governing equation of the cracked beam under the follower force P in Fig. 1 is given by the

following equation,
EI
o4uðx; tÞ

ox4
þ P

o2uðx; tÞ
ox2

þ qA
o2uðx; tÞ

ot2
¼ 0: ð4Þ
Fig. 1. A cracked beam fixed at left end and elastically restrained at right end subjected to a follower force.
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By using variable separation method, uðx; tÞ ¼ UðxÞeixt, we may find the analytical solution for the function

UðxÞ directly as follows,
U1ðxÞ ¼ A1 cos k1xþ A2 sin k1xþ A3 cosh k2xþ A4 sinh k2x 0 < x < L1 ð5Þ

U2ðxÞ ¼ B1 cos k1xþ B2 sin k1xþ B3 cosh k2xþ B4 sinh k2x L1 6 x < L ð6Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiq� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiq� �
where k1 ¼ k
2
þ k2

4
þ l2

1=2

; k2 ¼ � k
2
þ k2

4
þ l2

1=2

; and k ¼ P
EI

and l2 ¼ qAx2

EI
.

The boundary conditions of the cracked beam are shown below
U1ð0Þ ¼ 0;
dU1ðxÞ
dx

����
x¼0

¼ 0 ð7a–bÞ

d2U2ðxÞ
dx2

����
x¼L

¼ 0;
d3U2ðxÞ
dx3

����
x¼L

�
�k
L3

U2ðLÞ ¼ 0 ð8a–bÞ
where the non-dimensional spring stiffness is given by �k ¼ kL3

EI
.

Substituting the boundary conditions in Eq. (7a–b) into Eq. (5) yields
U1ðxÞ ¼ A3ðcosh k2x� cos k1xÞ þ A4 sinh k2x�
k2
k1

sin k1x
� �

ð9Þ
Similarly, U2ðxÞ may be expressed in terms of B3 and B4 by substituting Eq. (8a–b) into Eq. (6) as follows
U2ðxÞ ¼ B3ðcosh k2xþ N1 cos k1xþ N3 sin k1xÞ þ B4ðsinh k2xþ N4 sin k1xþ N2 cos k1xÞ ð10Þ
where Niði ¼ 1; 2; 3; 4Þ are given in the appendix.

The continuity conditions on the shear force and moment shown in Eq. (2b) and Eq. (2c)at the crack

location lead to the following equations,
P1A3 þ P2A4 þ P3B3 þ P4B4 ¼ 0 ð11Þ
and
Q1A3 þ Q2A4 þ Q3B3 þ Q4B4 ¼ 0 ð12Þ
from which A3 and A4 can be expressed in terms of B3 and B4 as follows,
A3 ¼ R1B3 þ R2B4 ð13aÞ

A4 ¼ R3B3 þ R4B4 ð13bÞ
Pi, Qi and Ri (i ¼ 1; 2; 3; 4) are shown in appendix.

Substituting Eqs. (5) and (6) into continuity on the deflection in Eq. (2a) and the discontinuity condition

on the slope in Eq. (1) while considering the expressions of A3 and A4 in terms of B3 and B4 shown in Eqs.

(13a) and (13b) yields
D1B3 þ D2B4 ¼ 0 ð14Þ

D3B3 þ D4B4 ¼ 0 ð15Þ
where Diði ¼ 1; 2; 3; 4Þ are given in appendix.
The instability of the beam, either for buckling or flutter, will be derived from the condition for the non-

trivial solution for B3 and B4 from Eqs. (14) and (15), which is,
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D1D4 � D2D3 ¼ 0 ð16Þ
The procedure for obtaining the flutter or buckling load of the cracked beam subjected to the follower force

will be provided below. For a given follower force P , the first two resonant frequencies x1 and x2 can be

obtained from Eq. (16). There is, however, a definite value of the follower force P at which the values of x1

and x2 approach each other (Timoshenko and Gere, 1961). We define the definite value of the follower
force as the flutter load of the beam structure. On the other hand, we define the value of the follower force

as the buckling load of the structure where the value of x1 reaches zero.
3. Numerical results and discussion

Numerical simulations are conducted for a comprehensive stability analysis of the cracked beam

structure under follower force in Fig. 1. The length of the beam is L ¼ 1 m and the depth of the beam is

h ¼ 0:05 m. The following non-dimensional parameters will be employed in the simulations: frequency of

the beam - ¼ xL2

ffiffiffiffi
qA
EI

q
; follower force �P ¼ P=Pcr where Pcr ¼ p2EI=L2 is Euler buckling load; the location of

crack �L1 ¼ L1=L, the coordinate in the length direction of the beam �x ¼ x=L, and the spring stiffness given
�k ¼ kL3

EI
.

First, the critical load for a healthy beam versus the stiffness of the spring at the right end of the beam is
plotted in Fig. 2 for comparison. An abrupt decrease of the load at �k � 34:8 is clearly observed from the

figure. From the variation of the first two frequency of the system, it can be concluded that �k � 34:8 is

the critical stiffness of the spring differentiating flutter and buckling instability of the beam. If the stiffness of

the spring is less than the critical value, only flutter may occur on the beam under follower compression,

otherwise, only buckling instability will occur on the beam. This conclusion was also cited by Kounadis

(1983). The critical compressive load for flutter of a cantilever beam and for buckling of a propped can-

tilever beam can be read from Fig. 2 as �P ¼ 2:04 and �P ¼ 2:05 if �k ¼ 0 and �k ¼ 1 are set. These results are

in agreement with those from the monograph of Timoshenko and Gere (1961). The value of the spring
stiffness differentiating the buckling and flutter in the beam structure is defined as transition value of the

stiffness. For example, �kch � 34:8 is the transition value of the spring stiffness for a healthy beam.

Next, we use �kc as the critical value of the spring stiffness in the cracked beam. The solution for �kc versus
the crack location is plotted in Fig. 3 at different values of additional flexibility, H ¼ 0, H ¼ 0:05, and
H ¼ 0:1 (Wang and Koh, 2003). These values of the additional flexibility represent the ratios of the crack’s
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depth to the beam’s depth as h1
h ¼ 0, 0.40, and 0.50 respectively from the conclusion based on Eq. (3). It is

observed that �kc is smaller compared to that of the healthy beam, i.e. �kch ¼ 34:85, when the crack is located
at �L1 < 0:45. On the other hand, when the crack is located at �L1 P 0:45, �kc is always bigger than �kch ¼ 34:85.
In addition, critical stiffness �kc converges to �kch at �L1 ¼ 1, since it is understandable that the effect of the

crack is negligible if it is located at the end with the translational spring. Another investigation is that the

higher the intensity of the crack is (i.e. bigger H), the larger the difference is found between �kc and �kch. Two
critical locations of the crack, �L1 � 0:45 and �L1 ¼ 1, are found at which �kc ¼ �kch. A brief analysis for the

above observation was given by Wang and Koh (2003).

The variation of the critical compressive load �P in the instability of the beam versus the locations of the

crack at H ¼ 0, 0.05, 0.1 is given in Fig. 4 at �k ¼ 0. As indicated in Fig. 3, only flutter may occur in this
case. Therefore, the capacities derived in this figure are the capacities of the follower force for flutter of the

damaged beam. It is reasonable to observe that �P ¼ 2:04 atH ¼ 0, where there is no crack at all. The results

are in agreement with Timoshenko and Gere (1961)’s findings about a cantilever beam. Further observa-

tions from Fig. 4 show that the capacities are less than �P ¼ 2:04 when the crack is placed at �L1 < 0:1,
whereas the capacities are bigger than �P ¼ 2:04 when the crack is placed at �L1 > 0:1. Furthermore, the

difference between the compression load for the cracked beam and for its healthy counterpart where
�P ¼ 2:04 is bigger if the crack is deeper in the beam as clearly indicated in Fig. 4. These observations can be

explained through the analysis of the flutter mode shapes of the displacement and the curvature of the beam
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Fig. 4. Critical compressive load versus crack location at �k ¼ 0.



-15

-10

-5

0

5

10

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Length of the beam

A
m

pl
itu

de

Deflection

Curvature

-21

-14

-7

0

7

14

0.0 0.2 0.4 0.6 0.8 1.0

Length of the beam

A
m

pl
itu

de Deflection

Curvature

-21

-14

-7

0

7

14

0.0 0.2 0.4 0.6 0.8 1.0

Length of the beam

A
m

pl
itu

de

Deflection

Curvature

(a) (b)

(c)
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shown in Fig. 5 (a)–(c) for H ¼ 0, 0.05, and 0.1 separately. Since the location of the crack has little effect on

the mode shape, the plots are provided at any crack location �L1 for each case. It is observed from the

variation of the mode shapes in Fig. 5(a)–(c) that the curvature of the cracked beam is positive to the left of

position �x � 0:1 and becomes negative after this position and approach to zero where �x ¼ 1. As explained
before, the initiation of flutter instability is identified from the phenomenon that the first frequency of the

cracked beam approaches to the second one. It is hence concluded from the mechanics model that the first

mode shape of the displacement of the beam will change to its second mode shape at the initiation of the

flutter. Thus, if the presence of the crack makes the beam prone to change its first mode shape to second

one, the critical load �P for flutter will decrease. Otherwise, �P will increase. The analysis of the crack’s effect

on the critical load is hence conducted in Fig. 6. The mode shape of the displacement is as displayed in Fig.

5(a)–(c) with its right end bending downwards. In Fig. 6(a), the crack is located at �L1 > 0:1 where the

curvature is negative. According to Eq. (3), the slope at the right side of the crack will be smaller than the
slope at the left side of the crack as shown in Fig. 6(a). In this case, the presence of the crack induces

additional moment at the fixed end in Fig. 6(a) due to the follower force applied to the beam. The induced

moment has the effect of making the beam bend further in its first mode shape but not towards the second

mode shape. This effect will definitely increase the flutter load of the cracked beam. On the other hand, if

the crack is located at �L < 0:1 where the curvature is positive in Fig. 6(b), the curvature at the crack

location will be positive. Thus, the slope at the right side of the crack will be bigger than the slope at the left

side of the crack. Therefore, the presence of the crack leads to additional induced moment as shown in Fig.

6(b) due to the follower force �P . This induced moment will make the beam change its vibration mode shape
from the first mode shape to the second mode shape. The critical load will decrease hence after. The above

investigations explain why the critical load �P increases when the crack is located at �L1 > 0:1, and decreases

when the crack is located at �L1 < 0:1 as shown in Fig. 4. The critical load for the cracked beam remains the



Crack 

Follower force P

Additional moment M induced 
due to the presence of crack  

Crack 

Follower force  P

Additional moment M induced  
due to the presence of crack    

(a)

(b)

Fig. 6. (a) Crack effect on the mode transition; curvature at crack location is negative. (b) Crack effect on the mode transition;

curvature at crack location is positive.

4882 Q. Wang / International Journal of Solids and Structures 41 (2004) 4875–4888
same as the critical load for a healthy beam if the crack is located at �L1 � 0:1 and �L1 ¼ 1 since the curvature

at these locations is zero and crack has no effect on the stability of the beam.

The critical load for the beam, the mode shapes of the displacement, and the curvature of the beam at
�k ¼ 10 are plotted in Figs. 7 and 8(a)–(c) respectively at H ¼ 0; 0.05, and 0.1. Fig. 3 shows that flutter is the

only instability form for the beam. The critical load for the healthy beam can be read from Fig. 7 directly as
�P ¼ 2:46 when H ¼ 0. The curve shows that if the crack is located at �L1 < 0:05 or �L1 > 0:75, �P for the
occurrence of flutter is smaller than 2.46, �P for the healthy beam. On the other hand, �P is bigger than the

value for the healthy beam if the crack is located in the region of 0:05 < �L1 < 0:75. These observations can
be explained from the variation of the mode shape of curvature in Fig. 8(b)–(c) as well. The curves in these

figures show that the curvature is positive when �x < 0:05 and becomes negative when 0:05 < �x < 0:75.
When �x > 0:75 the curvature becomes positive again. Thus, �L1 < 0:05 nd �L1 > 0:75 are two regions of the

crack locations where the critical load will decrease as illustrated in Fig. 6(b).

The critical load �P , the corresponding mode shape of displacement, and curvature at �k ¼ 20 are shown in

Figs. 9 and 10(a)–(c) at H ¼ 0; 0.05, and 0.1 respectively. When the crack’s location is in the two regions of
where curvatures are positive, �P is less than the value for healthy beam as explained before. The two regions
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move leftward with higher intensity of the crack in this simulation. For example, the two regions are
0 < �x < 0:03 and 0:62 < �x < 1 at H ¼ 0:05. But for a deeper crack, H ¼ 0:1, the first region disappears and

the second region becomes 0:58 < �x < 1. The critical load for a healthy beam is �P ¼ 3:4 in this case.

The critical load �P for �k ¼ 80, the mode shapes for the displacement, and the curvature at H ¼ 0; 0.05,
and 0.1 are plotted in Figs. 11 and 12(a)–(c) respectively. From the critical spring stiffness shown in Fig. 3, it

is clear that the instability for the beam at �k ¼ 80 is only the buckling form. The buckling load for a healthy

beam is �P ¼ 2:32 as shown in Fig. 11 at H ¼ 0. The mode shape for the curvature of the cracked beam for

this case is negative in the region of 0 < �x6 0:35 and becomes positive when �x > 0:35. Surprisingly, the
buckling load for a cracked beam on the first region with negative curvature is less than the value for the
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healthy beam. This is completely opposite to what we obtained previously for the flutter load of the cracked

beam. This phenomenon can also be explained from mode transition shown in Fig. 6. In Fig. 6(b), since the

mode shape for the curvature is negative at 0 < �x < 0:35, the induced additional moment due to a crack

located in this region will make the vibration mode of the beam change from the first mode shape to its

second mode shape. This tendency of mode transition will definitely increase the critical load because the

first buckling load is always smaller than the second one. This analysis can also explain why the critical load
becomes smaller when the crack is located in the region 0:35 < �x < 1 where the curvature is positive. The

buckling load of a cracked beam under non-follower compression will definitely always be smaller than its

healthy counterpart. This is because no additional moment is induced due to the presence of the crack when

there is no shear component from the non-follower force. The reason for the reduction of the buckling load
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for a cracked beam under non-follower force is that the crack makes the stiffness of the beam decrease so
that the beam buckles easier.

In Fig. 13, the critical load �P is provided at �k ¼ 40. The shape of the curve in the region of 0 < �x < 0:4 is

similar to that in Fig. 11 since the beam with crack at this region may only buckle as indicated in Fig. 3.

However, when the crack is near �L1 ¼ 0:7, the instability of the beam will be flutter as indicated in Fig. 3.

This is why the curve around �L1 ¼ 0:7 changes dramatically in a very short region due to the transition

between buckling and flutter.
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Fig. 13. Critical compressive load versus crack location at �k ¼ 40.
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4. Conclusions

This paper presents a comprehensive stability analysis of a cracked beam, with the left end fixed

and the right end restrained by a translational spring, subjected to a follower compressive force.
Extensive studies on the critical load for beam instability versus crack location have been conducted.

The effect of the crack on the critical load can be explained from the distribution of the mode shape

of the displacement and the curvature. These findings are based on the assumption that the dis-

placement mode shape is displayed with the right tip pointing downward. For flutter instability, flutter

load will decrease if the crack is located in the region with positive curvature and increase otherwise

to a greater extent compared with that of a healthy beam. On the contrary, for buckling instability,

the buckling load will increase if the crack is located in the region with positive curvature and de-

crease otherwise. It is hoped that this research will provide a benchmark for the stability analysis of
cracked beams. Further studies will be focused on the stability analysis of damaged plates or shells.

The effects of cracks on these structures under either non-follower or follower compression need to be

investigated.
Appendix A
N1 ¼
L2M3 � L3M2

L1M2 � L2M1

; N2 ¼
L2M4 � L4M2

L1M2 � L2M1

; N3 ¼
L1M3 � L3M1

L2M1 � L1M2

; N4 ¼
L1M4 � L4M1

L2M1 � L1M2

;

L1 ¼ �k21 cos k1L; L2 ¼ �k21 sin k1L; L3 ¼ k22 cosh k2L; L4 ¼ k22 sinh k2L;
M1 ¼ k31 sin k1L�
�k
L3

cos k1L; M2 ¼ �k31 cos k1L�
�k
L3

sin k1L;
M3 ¼ k32 sinh k2L�
�k
L3

cosh k2L; M4 ¼ k32 cosh k2L�
�k
L3

sinh k2L;
P1 ¼ k32 sinh k2L1 � k31 sin k1L1; P2 ¼ k32 cosh k2L1 þ k2k21 cos k1L1;

P3 ¼ �ðk32 sinh k2L1 þ N1k31 sin k1L1 � N3k31 cos k1L1Þ;

P4 ¼ �ðk32 cosh k2L1 � N4k31 cos k1L1 þ N2k31 sin k1L1Þ;

Q1 ¼ k22 cosh k2L1 þ k21 cos k1L1; Q2 ¼ k22 sinh k2L1 þ k2k1 sin k1L1;

Q3 ¼ �ðk22 cosh k2L1 � N1k21 cos k1L1 � N3k21 sin k1L1Þ;

Q4 ¼ �ðk22 sinh k2L1 � N4k21 sin k1L1 � N2k21 cos k1L1Þ;

R1 ¼
P2Q3 � P3Q2

P1Q2 � P2Q1

; R2 ¼
P2Q4 � P4Q2

P1Q2 � P2Q1

; R3 ¼
P1Q3 � P3Q1

P2Q1 � P1Q2

; R4 ¼
P1Q4 � P4Q1

P2Q1 � P1Q2

;

D1 ¼ cosh k2L1 þ N1 cos k1L1 þ N3 sin k1L1 � R1ðcosh k2L1 � cos k1L1Þ � R3 sinh k2L1

�
� k2
k1

sin k1L1

�
;
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D2 ¼ sinh k2L1 þ N4 sin k1L1 þ N2 cos k1L1 � R2 cosh k2L1ð � cos k1L1Þ � R4 sinh k2L1

�
� k2
k1

sin k1L1

�
;

D3 ¼ k2 sinh k2L1 � N1k1 sin k1L1 þ N3k1 cos k1L1 � R1ðk2 sinh k2L1 þ k1 sin k1L1Þ
� R3ðk2 cosh k2L1 � k2 cos k1L1Þ �Hðk22 cosh k2L1 � N1k21 cos k1L1 � N3k21 sin k1L1Þ;
D4 ¼ k2 cosh k2L1 þ N4k1 cos k1L1 � N2k1 sin k1L1 � R2ðk2 sinh k2L1 þ k1 sin k1L1Þ
� R4ðk2 cosh k2L1 � k2 cos k1L1Þ �Hðk22 sinh k2L1 � N4k21 sin k1L1 � N2k21 cos k1L1Þ:
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